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MIRIMANOFF POLYNOMIALS: APPROACH TO 

HYPERGEOMETRIC AND GENERATING FUNCTIONS 
 

 

Abstract. The aim of the this presentation is to survey and study some fundamental properties of the Mirimanoff 

polynomials with the aid of hypergeometric functions (hypergeometric series) and Apostol type and Frobenius 

type polynomials and numbers. We give some formulas and identities for these polynomials. The results of this 

presentation will be discussed comparatively with the results given previously studies and works.  
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Introduction     

Hypergeometric series and generating functions are among the most widely used subjects of 

physics, engineering and other sciences, especially in almost all fields of mathematics. Using 

the techniques and methods of these functions, the results of this presentation will be 

presented. 

    The Mirimanoff polynomials are defined by the following formula:  

 

𝑓𝑚(𝑥, 𝑛) = ∑ 𝑗𝑚𝑥𝑗

𝑛−1

𝑗=0

 

 

    (1) 

(cf. Carlitz 1959; Vandiver 1942). 

Equation (1) is also modified as follows:  

𝑓𝑚(𝑥, 𝑛, 𝑘) = ∑(𝑗 + 𝑘)𝑚𝑥𝑗

𝑛−1

𝑗=0

     (2) 

(cf. Carlitz 1959; Vandiver 1942). By using (2), we have 

𝑓𝑚(𝑥, 𝑛, 𝑘) = ∑ (
𝑚
𝑣

) 𝑘𝑚−𝑣𝑓𝑣(𝑥, 𝑛).

𝑚

𝑣=0

    

In [Simsek 2019], we gave 

(
1

𝜆
)

1−𝑛

𝑓𝑚 (
1

𝜆
, 𝑛, 𝑥) =

1

1 − 𝜆
(𝐻𝑚(𝑥 + 𝑛; 𝜆) − 𝜆𝑛𝐻𝑚(𝑥; 𝜆))   

where 𝐻𝑚(𝑥; 𝜆) denotes the Frobenius-Euler polynomials which are defined by means of the 

following generating function: 



 

𝐺𝐹(𝑡, 𝑥; 𝑢) =
1 − 𝑢

𝑒𝑡 − 𝑢
𝑒𝑥𝑡 = ∑ 𝐻𝑛(𝑥; 𝑢)

𝑡𝑛

𝑛!

∞

𝑛=0

  (3) 

(cf. Apostol 1951-Vandiver 1942). 

Substituting 𝑢 = −1 into (3), we get 

𝐻𝑛(𝑥; −1) = 𝐸𝑛(𝑥) 
 

where En(𝑥) denotes the Euler polynomials. 

The polynomials 𝑃(𝑥; 𝑚, 𝑛; 𝜆, 𝑝) including sums of higher power of binomial coefficients are 

defined by means of the following generating function: 

 

𝐺(𝑡, 𝑥; 𝜆, 𝑛, 𝑝) =
1

𝑛!
  𝑝𝐹𝑝−1 [

−𝑛, −𝑛, … , −𝑛
1,1, … ,1 ; (−1)𝑝𝜆𝑒𝑡]   𝑝𝐹𝑝 [

1,1, … ,1
1,1, … ,1

; 𝑥𝑡] 

 

 

= ∑ 𝑃(𝑥; 𝑚, 𝑛; 𝜆, 𝑝)
𝑡𝑚

𝑚!

∞

𝑚=0

 

 

where 𝑛, 𝑝 ∈ ℕ and 𝜆 ∈ ℝ or ℂ (cf. Djordjevic, Milovanovic 2014;  Koepf 2014; 

Temme 1996). 

In [Simsek 2019], we gave 

 
 

𝑓𝑚 (
1

𝜆
, 𝑛, 𝑥) = 𝑛! 𝑃 (𝑥; 𝑚, 𝑛 − 1;

1

𝜆
, 0). 

 

Substituting 𝑥 =  𝑎 into (1), we have 

𝑓𝑚(𝑎, 𝑛) = ∑ 𝑗𝑚𝑎𝑗

𝑛−1

𝑗=0

=
𝑎𝑚+1𝔅𝑚+1(𝑛; 𝑎) − 𝔅𝑚+1(𝑎)

𝑚 + 1
 

where 𝔅𝑚(𝑥; 𝜆) denotes the Apostol Bernoulli polynomials which are defined by 

means of the following generating function: 

𝑡

𝜆𝑒𝑡 − 1
𝑒𝑥𝑡 = ∑ 𝔅𝑛(𝑥; 𝜆)

𝑡𝑛

𝑛!

∞

𝑛=0

 

where 𝔅𝑛(𝜆)  = 𝔅𝑛(0; 𝜆)denotes the Apostol Bernoulli numbers (cf. Apostol 1951-Vandiver 

1942). 

Substituting 𝑎 = 1 into the above equation, we have 

𝑓𝑚(1, 𝑛) = ∑ 𝑗𝑚

𝑛−1

𝑗=0

=
𝐵𝑚+1(𝑛) − 𝐵𝑚+1

𝑚 + 1
, 

 

where 𝐵𝑚+1(𝑛) denotes Bernoulli polynomials (cf. Apostol 1951-Vandiver 1942). 

Substituting 𝑥 =  −1 into (1), we have 

𝑓𝑚(−1, 𝑛) = ∑(−1)𝑗𝑗𝑚

𝑛−1

𝑗=0

=
(−1)𝑛−1𝐸𝑚+1(𝑛) − 𝐸𝑚+1

2
 

(cf. Kim 2005-Simsek 2019) where 𝐸𝑚(𝑥) denotes the Euler polynomials which are defined by 

means of the following generating function: 



 

2

𝑒𝑡 + 1
𝑒𝑥𝑡 = ∑ 𝐸𝑚(𝑥)

𝑡𝑚

𝑚!

∞

𝑚=0

 

where 𝐸𝑚=𝐸𝑚(0)  denotes the Euler numbers (cf. Apostol 1951-Vandiver 1942). 

 

 

Conclusion 
    The result of this paper is related to the polynomials 𝑃(𝑥; 𝑚, 𝑛; 𝜆, 𝑝) which related to the various 

kind of the special numbers and polynomials and also special functions including the Mirimanoff 

polynomials, the Frobenius-Euler numbers and polynomials, the Bernoulli numbers and polynomials, 

the Euler numbers and polynomials. The results of this presentation may give potentials applications 

for other areas. 

 

References 
 

Apostol T.M., On the Lerch zeta function // Pacific Journal of Mathematics. 1951. 

V 1. N 2. P. 161-167. 

 Carlitz L., Eulerian numbers and polynomials // Mathematics Magazine. 1959. 32.     

P. 247-260. 
Djordjevic G.B., Milovanovic G.V., Special classes of polynomials.  University of Nis, 

Faculty of Technology Leskovac, 2014. 

Kim T., A note on exploring the sums of powers of consecutive q-integers // 

Advanced Studies in Contemporary Mathematics. 2005. V 11. N 1. P. 137-140. 

Kim T., q-Euler numbers and polynomials associated with p-adic q-integral 

and basic q-zeta function // Trends in Mathematics Information Center for Mathematical 

Sciences. 2006 V 9.  P. 7–12. 

Kim, T., Rim, S.-H., Simsek, Y., Kim, D., On the analogs of Bernoulli and 

Euler numbers, related identities and zeta and L-functions // Journal of the Korean 

Mathematical Society. 2008. V 45. N  2. P. 435–453. 

Koepf, W., Hypergeometric Summation. An Algorithmic Approach to Summation and 

Special Function Identities, Second Edition, London : Springer-Verlag, 2014. 

Kucukoglu I., Simsek Y., Identities and relations on the q-Apostol type Frobenius-

Euler numbers and polynomials // Journal of the Korean Mathematical Society. 2019. V 56. N 

1.P. 265–284. 

Ozden H., Simsek Y., Srivastava H.M., A unified presentation of the generating 

functions of the generalized Bernoulli, Euler and Genocchi polynomials // Computers & 

Mathematics with Applications. 2010. V 60.  P. 2779–2787. 

Rainville E.D., Special functions. New York: The Macmillan Company, 

1960. 

Seaborne J.B., Hypergeometric Functions and their Applications.  

New York: Springer Verlag,  1991. 

Simsek Y., Multiple interpolation functions of higher order (h; q)-Bernoulli numbers // 

AIP Conference Proceedings V 1048. N.1 2008 P. 486–489, ttps://doi.org/10.1063/1.2990969. 

 

https://zbmath.org/serials/?q=se%3A00000615
https://zbmath.org/serials/?q=se%3A00000253
https://zbmath.org/serials/?q=se%3A00008964
https://zbmath.org/serials/?q=se%3A00000062
https://zbmath.org/serials/?q=se%3A00000062


 

Simsek Y., Complete sum of products of (h; q)-extension of Euler polynomials and 

numbers // Journal of Difference Equations and Applications. 2010. V 16. N 11. P.1331-1348. 

Simsek Y., Generating functions for generalized Stirling type numbers, array type 

polynomials, Eulerian type polynomials and their applications // Fixed Point Theory 

Applications. 2013. V 87. P. 343-355. 

Simsek Y., Generating functions for finite sums involving higher powers 

of binomial coefficients: Analysis of hypergeometric functions including new families of 

polynomials and numbers // Journal of Mathematical Analysis and Applications. 2019. 

https://doi.org/10.1016/j.jmaa.2019.05.015. 

Simsek Y., New families of special numbers for computing negative order Euler 

numbers and related numbers and polynomials // Applicable Analysis and Discrete 

Mathematics. 2018. V 12. N 1. P. 1–35. 

Srivastava H.M., Some generalizations and basic (or q-) extensions of the Bernoulli, 

Euler and Genocchi polynomials // Applied Mathematics & Information Sciences. 2011. V 5. 

P. 390–444. 

Srivastava H.M., J. Choi, Zeta and q-Zeta Functions and Associated Series 

 and Integrals. Amsterdam, London and New York: Elsevier Science Publishers, 2012. 

Srivastava H.M., Kim T., Simsek Y., q -Bernoulli numbers and polynomials 

associated with multiple q-zeta functions and basic L-series // Russian Journal of 

Mathematical Physics. 2005. V 12. P. 241–268. 

Temme N.M., Special Functions: An Introduction to the Classical Functions of 

Mathematical Physics. New York:  John Wiley and Sons, 1996. 

Vandiver H.S., An arithmetical theory of the Bernoulli numbers // Transactions 

American Mathematical Society. 1942. V 51. P. 502–531. 

https://zbmath.org/serials/?q=se%3A00000132
https://doi.org/10.1016/j.jmaa.2019.05.015

